The authors construct an example of a Bloch function on the unit disc whose circular L means grow at the maximal possible rate but which has no lower bound in the law of the iterated logarithm for Bloch functions. This answers a question of Przytycki [4, p. 154] and Makarov [3, p. 42].
Introduction
Let / be holomorphic on the unit disc D, and suppose fi £33 (the Bloch class), that is, ||/||^ = |/(0)| + supz£D(l -|z|)|/(z)| < oc. The law of the iterated logarithm (LIL) of Makarov [2] states that lim sup . }APZ)1 : < C\\f\\a p^1 x/logT+^logloglog^L for almost all z £ dD where C is a constant independent of / or z.
The simplest examples of functions in 33 are provided by lacunary series of the form fi(z) = YlnX=ianz<i wnere lan} e /°° and q is a positive integer. For fi £ 33 we set Bp = fdD\f(pz)\2\dz\/2it. Suppose / is a lacunary series in 33 which has B -> oc as p -» 1 . Then the classical LIL for lacunary series (see Salem-Zygmund [5] , Erdös-Gal [1] , or M. Weiss [7] ) states that limsup j \fi(pz)\/ JB loglogB = 1 for almost all z e dD. .2) are true for all lacunary series in 33 since they are also trivially true if B remains bounded as p -* 1. Thus, it is natural to conjecture (Przytycki [4] or Makarov [3] ) that (1.1) and (1.2) remain valid for all f £33 . D. Ullrich [6] has constructed an example of an f £38 for which (1.1) fails. The purpose of this note is to construct an / e 33 for which (1.2) fails.
We also remark that Przytycki [4] f(z) = EZi E%o z2 where 33(n) = 22 (see also Makarov [3] ).
Construction
We will construct a function / of the form f(z) = X^4 anzn = Yf£=x bk(z)
where bk(z) = a4kZ +a4k+xz " +-r-a4*+i_,z which satisfies:
(a) II^IL<1 for every k, (b) liminf^^ E;=4a)llog" >0,and (c) limsupn^oo|ELie/t(z)l/V«loglog« = 0 for all z£dD.
It is well known [2, 4] , that (a) implies f e 33 and that the quantities in (b) and (c) for the partial sums of / are comparable to the corresponding quantities for the Abel means of / in conjecture (1.2), so that it suffices to construct / having (a), (b), and (c). To further simplify the construction, we will momentarily show that it will be sufficient to construct f(z) which has:
(i) H^IL^l for all j.
(ii) If A1 < j < Al+X then | IX , A.| < sfÂFî where we have made repeated use of (iii) for the next to the last inequality.
Thus, (iii) implies (b). Fix n again and pick / so that 4 < n < A + . Then by repeated use of (ii) we have
so that (c) trivially follows from (ii). Our inspiration for the construction of / having (i)-(iii) comes from the construction of a dyadic martingale satisfying these properties. We will inductively define the bk in such a way so that the partial sums of the bk are "stopped" at the places where they begin to grow too large, and thus we will get an estimate like (ii). However, we must continue to add enough so that (iii) holds. so (iii) holds for j = k and we are done.
